Abstract. Suppose that G is a connected simple graph with the vertex set
Introduction
Suppose that G is a connected simple graph with the vertex set V (G) = {v 1 , v 2 , · · · , v n }. Then the adjacency matrix of G is A(G) = (a ij ) n×n , where a ij = 1 if v i is adjacent to v j , and otherwise a ij = 0. The degree matrix
, where d G (v i ) denotes the degree of v i in the graph G (1 ≤ i ≤ n). The matrix Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G. Since Q(G) is positive semidefinite, its eigenvalues can be arranged as λ 1 (G) ≥ λ 2 (G) ≥ · · · ≥ λ n (G) ≥ 0, where λ n (G) is also called the least signless Laplacian eigenvalue of G, denoted by λ(G).
The least signless Laplacian eigenvalues of connected graphs have been studied extensively. Cardoso, Cvetković, Rowlinson and Simić [1] determined the unique graph whose least signless Laplacian eigenvalue attains the minimum among all connected non-bipartite graphs. Guo, Chen and Yu [4] obtained a lower bound on the least signless Laplacian eigenvalue of a graph. Guo and Zhang [5] described the unique graph whose least signless Laplacian eigenvalue attains the minimum among all non-bipartite connected graphs with fixed maximum degree. Fan, Wang and Guo [2] determined the graph whose least signless Laplacian eigenvalue attains the minimum or maximum among all connected non-bipartite graphs with fixed order and given number of pendant vertices. Guo, Ren and Shi [3] determined the graph whose the least signless Laplacian eigenvalue attains the maximum among all connected unicyclic graphs. He and Zhou [6] gave a sharp upper bound on the least signless Laplacian eigenvalue of a graph using domination number. Wang and Fan [8] determined the graph whose the least signless Laplacian eigenvalue is minimum. Yu, Fan and Wang [12] determined the unique graph whose least signless Laplacian eigenvalue attains the minimum among all connected non-bipartite bicyclic graphs. Yu, Guo and Xu [10] determined the unique graph whose least signless Laplacian eigenvalue attains the minimum among all connected non-bipartite graphs with given matching number and edge cover number, respectively. Wen, Zhao and Liu [9] determined the graph which has the minimum the least signless Laplacian eigenvalue among all non-bipartite graphs with given stability number and covering number, respectively.
Suppose
Denote by K 1,n−1 the star graph on n vertices, and by k 1,n−1 + 2e the graph which is obtained from k 1,n−1 by connecting two pairs of different pendant vertices. The complement (k 1,n−1 + 2e) c of k 1,n−1 + 2e contains an isolated vertex, and so it is not a connected graph. We also note that the complement of arbitrary bicyclic graph is non-bipartite graph if its order is greater or equal 12. Therefore, we will only consider the complements of those connected bicyclic graphs on n ≥ 12 vertices except k 1,n−1 + 2e.
Li and Wang [7] determined the unique graph whose least signless Laplacian eigenvalue attains the minimum in the set of the complements of all trees except K 1,n−1 . Yu, Fan and Ye [11] obtained the unique graph whose least signless Laplacian eigenvalue attains the minimum in the set of the complements of all unicyclic graphs except K 1,n−1 + e. In this paper we will give two graft transformations and then use them to characterize the unique graph whose least signless Laplacian eigenvalue is minimum among the complements of all bicyclic graphs on n ≥ 12 vertices except k 1,n−1 + 2e.
Main results
Suppose that G is a graph with the vertex set V (G) = {v 1 , v 2 , . . . , v n }. Let X = (X 1 , X 2 , . . . , X n )
T be an unit vector such that
The equality (2.2) holds if and only if X is the eigenvector of Q(G) corresponding to λ(G).
In what follows the vertex sets of all graphs on n vertices are write as {v 1 , v 2 , . . . , v n }, and let X = (X 1 , X 2 , . . . , X n )
Lemma 2.1. [7] . Let X be as above with X 1 > 0 and X n < 0. Then for
Let C c n (n ≥ 12) be the set of all connected graphs each of which is the complement of a connected bicyclic graph on n vertices. Then, for any G ∈ C Define a b-graph to be a graph consisting of two vertex-disjoint cycles and a path joining them having only its end-vertices in common with the cycles. Define a ∞-graph to be a graph consisting of two cycles with exactly one vertex in common. Define a θ-graph to be a graph consisting of two basic cycles with at least two vertices in common. Obviously, a bicyclic graph is one of b-graph, ∞-graph and θ-graph with trees attached.
Let the graphs G k (p, q) (1 ≤ k ≤ 12) be shown in Fig. 1 
Suppose that G is a graph on n vertices and that
2 , and otherwise add the edge v n v l 1 . The above process is called T 1 -transformation of G. Next we always denote by G T 1 the result graph which is obtained after some steps of T 1 -transformation for G. Now we use T 1 -transformation to prove the below result.
Now we distinguish four cases to discuss. Case 1. v 1 and v n are on the same cycle of G.
Making some steps of
Hence we can determine that the case is true.
Case 2. v 1 and v n are on the different cycles of G.
In this case G is the b-graph or ∞-graph with trees attached. Making some steps of T 1 -transformation for G we can observe that either G T 1 is θ-graph with trees attached or
If the former rises then the Case 1 shows that the case is true, and otherwise repeat this process. Thus we can determine that the case is true.
Case 3. One of v 1 and v n is on the cycle and another is on the tree of G.
Suppose without loss of generality that v 1 is on the tree and that v n is on the cycle. After making some steps of T 1 -transformation for G we can see that either v 1 and v n is on the same cycle of
Case 4. Both v 1 and v n are on the tree of G.
After making some steps of T 1 -transformation for G we can see that either one of v 1 and v n is on the cycle and another is on the tree of
If the former rises then the Case 3 shows that the case is true, and otherwise repeat this process. Hence we can determine that the case is true.
where N G (v i ) denotes the neighbour set of v i in the graph G. The equation (2.3) is also called the signless Laplacian eigenvalue-equation of G.
T is an unit first signless Laplacian eigenvector of a graph G such that X 1 ≥ X 2 ≥ · · · ≥ X n , then X 1 > 0 and X n < 0 since the matrix Q(G) − λ(G)I n is positive semidefinite, where I n is the identity matrix of order n.
We use θ 4 and θ 5 to denote respectively θ-graph on 4 and 5 vertices, and ∞ 5 and ∞ 6 to denote respectively ∞-graph on 5 and 6 vertices, and b 6 and b 7 to denote respectively b-graph on 6 and 7 vertices whose two cycles are all length three.
Let the graphs H i (1 ≤ i ≤ 7) be shown in Fig. 2 . 
Suppose H is the graph on n vertices which is obtained from θ 4 , θ 5 , ∞ 5 , ∞ 6 , b 6 or b 7 by attaching some trees to it. Then we can find a pendent vertex v s whose neighbour v t is neither v 1 nor v n . Let X = (X 1 , X 2 , . . . , X n )
T satisfy X 1 > 0 and X n < 0. Delete v t v s , and add the edge
, and otherwise add the edge v n v s . The above process is called T 2 -transformation of H. Next we always denote by H T 2 the result graph which is obtained after some steps of T 2 -transformation for H. Now we use T 1 and T 2 -transformations to prove the below important result.
. . , X n ) T to be the unit first signless Laplacian eigenvector of G c such that
Now we assume the latter rises and distinguish two cases to discuss G T 1 .
Case 1.1. v 1 and v n are on the same cycle C t+2 of order t + 2.
2 , and otherwise add the edge v n v l 2 . Repeat this process until the result graph G 11 contains the cycle
2 ≥ (X n + X s 1 ) 2 , and otherwise add the edge v n v s 1 . Repeating this process we can determine the result graph G is θ 4 or ∞ 5 with trees attached. If G / ∈ H, then making some steps of T 2 -transformation for G we can get the graph G T 2 which is isomorphic to one of the graphs H 1 , H 2 and H 3 as in Fig. 2 . Case 1.2. v 1 and v n are on the different cycle.
In this case G T 1 is the b-graph with trees attached. Suppose G T 1 contains the cycle
2 , and otherwise add the edge v n v l 1 . Denote by G 21 the result graph. If v 1 and v n are on the same cycle of G 21 then we enter Case 1.1, and otherwise repeat this process until the result graph G 22 contains the cycle
to be another cycle which is contained in G 22 . Delete v s 1 v s 2 , and add the edge v n v s 2 if (X n + X s 2 ) 2 ≥ (X 1 + X s 1 ) 2 , and otherwise add the edge v 1 v s 1 . Denote by G 23 the result graph. If v 1 and v n are on the same cycle of G 23 , then we enter Case 1.1, and otherwise repeat this process until the result graph G is b 6 with trees attached. If G / ∈ H, then making some steps of T 2 -transformation for G. We can determine that the graph G T 2 is isomorphic to the graph H 4 as in Fig. 2 . Case 1.3. One of v 1 and v n is on the cycle and another is on the tree.
Suppose without loss of generality that v 1 is on the cycle and that v n is on the tree for otherwise we replace X with −X. Then G T 1 contains the cycle
2 , and otherwise add the edge v n v l 1 . We denote by G 31 the result graph. If v 1 and v n are on the same cycle of G 31 then we enter Case 1.1, and otherwise repeat this process until the result graph G 32 contains the cycle
2 ≥ (X n + X s 1 ) 2 , and otherwise add the edge v n v s 1 . We denote by G 33 the result graph. If v 1 and v n are on the cycles of G 33 then we enter Case 1.1 or Case 1.2, and otherwise repeating this process we can determine that the result graph G is θ 4 or ∞ 5 with trees attached. If G / ∈ H, then making some steps of T 2 -transformation for G we can get the graph G T 2 which is isomorphic to one of the graphs H 5 , H 6 and H 7 as in Fig. 2 . Case 1.4. Both v 1 and v n are on the same tree T . Suppose that the tree T is attached at the vertex v lm of the cycle C k . Now we observe the path
2 , and otherwise add the edge v n v l 2 . We make some steps of the above transformation until v l 1 is on the cycle
2 , and otherwise add the edge v n v s 2 . Then we can get the result graph G 41 such that v 1 and v n are on the same cycle of G 41 or one of v 1 and v n is on the cycle and another is on the tree. If the former rises then we enter Case 1.1, and otherwise we enter Case 1.3.
Case 2.1. v 1 and v n are on the same cycle
to be another cycle which is contained in G 11 . Delete v s 1 v s 2 , and add the edge
2 ≥ (X n + X s 1 ) 2 , and otherwise add the edge v n v s 1 . Repeating this process we can determine that the result graph G is θ 5 or ∞ 6 with trees attached. If G / ∈ H, then we make some steps of T 2 -transformation for G until the result graph G T 2 is isomorphic to one of the graphs G 1 (p, q), G 2 (p, q) and G 3 (p, q) as in Fig. 1 .
Case 2.2. v 1 and v n are on the different cycle. In this case G T 1 is the b-graph or ∞-graph with trees attached. Suppose
2 , and otherwise add the edge v n v l 1 . We denote by G 21 the result graph. If v 1 and v n are on the same cycle of G 21 then we enter Case 2.1, and otherwise repeat this process until the result graph G 22 contains the cycle C 3 . Let v n v s 1 v s 2 · · · v s k v n be another cycle of G 22 . Delete v s 1 v s 2 , and add the edge
2 ≥ (X n + X s 2 ) 2 , and otherwise add the edge v n v s 2 . We denote by G 23 the result graph. If v 1 and v n are on the same cycle of G 23 then we enter Case 2.1, and otherwise repeat this process until result graph G is ∞ 5 , b 7 or b 6 with trees attached. If G / ∈ H, then we make some steps of T 2 -transformation for G until the result graph G T 2 is isomorphic to one of the graphs G 4 (p, q), G 5 (p, q) and G 6 (p, q) as in Fig. 1 . Case 2.3. One of v 1 and v n is on the cycle and another is on the tree. Suppose without loss of generality that v 1 is on the cycle and that v n is on the tree. Then G T 1 contains the cycle
2 , and otherwise add the edge v n v l 1 . We denote by G 31 the result graph. If v 1 and v n are on the same cycle of G 31 then we enter Case 2.1, and otherwise repeat this process until the result graph G 32 contains the cycle C
∈ H, then we make some steps of T 2 -transformation for G until the result graph G T 2 is isomorphic to one of graphs G 7 (p, q), G 8 (p, q), G 9 (p, q), G 10 (p, q), G 11 (p, q) and G 12 (p, q) as in Fig.  1 .
Case 2.4. Both v 1 and v n are on the same tree T . Suppose that the tree T is attached at the vertex v lm of the cycle C k . Let v t be the common neighbour of v 1 and v n . Now we distinguish two cases to discuss.
Case 2.4.1. Suppose that there exists the path
2 , and otherwise add the edge v n v l 2 . We make some steps of the above transformation until we obtain the cycle
2 , and otherwise add the edge v n v s 2 . We denote by G 41 the result graph. It can be observed that v 1 is on the cycle and v n is on the tree of G 41 or v 1 and v n are on the same cycle of G 41 . If the former rises then we enter Case 2.1, and otherwise we enter Case 2.3.
Case 2.4.2. Suppose that there exists the path
Delete v t v l 1 , and add the edge
2 , and otherwise add the edge v n v l 1 . We denote by G 42 the result graph. If we obtain the path v n v t v 1 v l 1 v l 2 · · · v lm , then we enter Case 2.4.1, and otherwise repeat this process until we obtain the cycle v t v s 2 v s 3 · · · v s k v t . Delete v t v l 1 , and add the edge
2 , and otherwise add the edge v n v l 1 . We denote by G 43 the result graph. It can be observed that one of v 1 and v n is on the cycle and another is on the tree of G 43 , and then we enter Case 2.3.
From the above argument we observe that for any
Note that Q(G c ) = (n − 2)I n + J n − Q(G), where J n denotes the all ones square matrix of order n. Therefore, using the equations (2.2) and (2.4) we obtain
T be the unit first signless Laplacian eigenvector of H c such that X 1 ≥ X 2 ≥ · · · ≥ X n . Then X 1 > 0 and X n < 0. We suppose without loss of generality that |X n | ≥ |X 1 | for otherwise we can replace X with −X.
For the graphs H i ∈ H ′′ (i = 1, 2), deleting the edge v 1 v n , and adding the edge v n v t , we get the result graph H * which is isomorphic to
, deleting the edge v 1 v n , and adding the edge v n v k , we get the result graph H * which is isomorphic to G ℓ (p, q) (ℓ = 2, 6, 7, 8 or 11). Thus we obtain
Therefore, combining the equations (2.2), (2.5) and (2.6) we have
Lemma 2.5 [7] . Let G be a simple graph. Then λ(G) ≤ δ(G), where
Lemma 2.6. Let p and q be two positive integers such that
Proof. We without loss of generality assume p ≥ q ≥ 1. Next we will prove
T is the unit first signless Laplacian eigenvector of G 
We can transform the above equations into a matrix equation (k 1 I 7 − Q 1 )X ′ = 0, where X ′ = (X 1 , X 2 , X 3 , X 4 , X 5 , X 6 , X 7 ) T and ′ (x) is monotonously increasing for x, and so g 4 ′ (x) ≤ g 4 ′ (1) = −14n 4 + 294n 3 − 2319n 2 + 8189n − 10960 < 0. We determine that g 4 (x) is monotonously decreasing for x, and so g 4 (x) ≥ g 4 (1) = 4n 5 − 106n 4 + 1126n 3 − 6006n 2 − 17295 > 0.
